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Abstract. This paper deals with subnormality of Toeplitz operators with matrix- valued symbols 
and, in particular, with an appropriate reformulation of Halmos's Problem 5: Which subnormal 
Toeplitz operators with matrix- valued symbols are either normal or analytic ? In 1976, M. 
Ph , Abrahamse showed that if tp £ L°° is such that ip or p is of bounded type and if T v is subnormal, 

n ■ then T v is either normal or analytic. In this paper we establish a matrix-valued version of 

Abrahamse's Theorem and then apply this result to solve the following Toeplitz completion 
problem: Find the unspecified Toeplitz entries of the partial block Toeplitz matrix 



A := 



T - ba ? 
? Tj- 



so that A becomes subnormal, where 6a is a Blaschke factor of the form b\{z) := * = (A 6 

o 

ON 

1. Introduction 

This paper focuses on subnormality for Toeplitz operators with matrix-valued symbols and more 
£f*l . precisely, the case of Toeplitz operators with matrix- valued bounded type symbols. In this paper we 

give an appropriate generalization of Abrahamse's Theorem to the case of matrix-valued symbols 
and apply this generalization to solve a subnormal Toeplitz completion problem. 

To describe our results in more detail, we first need to review a few essential facts about 
(block) Toeplitz operators, and for that we will use [BS], [Pol] . [Do2] . [GGKj . [M] and (Pe]. Let 



H be a complex Hilbert space and let B{T-L) be the algebra of bounded linear operators acting on 
U. An operator T € B(H) is said to be hyponormal if its self-commutator [T*,T] := T*T — TT* is 
positive (semi-definite) , and subnormal if there exists a normal operator N on some Hilbert space 
K, D H such that T-L is invariant under N and N\u = T. Let T = dO be the unit circle in the 
complex plane. Let L 2 = L 2 (T) be the set of all square-integrable measurable functions on T and 
let H 2 = H 2 (T) be the corresponding Hardy space. Let H°° = H°°(T) := L°°(T) n H 2 (T), that 
is, H°° is the set of bounded analytic functions on D. Given <p £ L°°, the Toeplitz operator T v 
and the Hankel operator H v are defined by 

T v g:=P(<pg) and H v g := JP x (<pg) (g G H 2 ), 
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where P and P denote the orthogonal projections that map from L 2 onto H 2 and (H 2 )- 1 , respec- 
tively, and where J denotes the unitary operator on L 2 defined by J(f)(z) = zf(z). In 1988, the 
hyponormality of T v was completely characterized in terms of its symbol via Cowen's Theorem 
[Co3] . 

Cowen's Theorem. ( [Co3] . [NT] ) For each p £ L°° , Zei 

£(93) = {keH°° : p||oo < 1 and p - kTp £ H°°}. 
Then T v is hyponormal if and only if £(<p) is nonempty. 

This elegant and useful theorem has been used in |CuLl) . |CuL2) . |FLj . [Gulj . |Gu2j . |GSj . 
(HKLlj . |HKL2) . |HEI) . [HL2] . |HE5) . [Le] , [NT] and [ZM], which have been devoted to the study of 
hyponormality for Toeplitz operators on H 2 . When one studies the hyponormality (also, normality 
and subnormality) of the Toeplitz operator T v one may, without loss of generality, assume that 
<p(0) = 0; this is because hyponormality is invariant under translation by scalars. 

We now recall that a function tp £ L°° is said to be of bounded type (or in the Nevanlinna 
class) if there are analytic functions ipi,ip2 G H 00 (D) such that 

tfii 2 ) — ttt for almost all z ET. 

If (p € L°°, we write 

p + = Pip £ H 2 and p_ = P^p £ zH 2 . 

Let BMO denote the set of functions of bounded mean oscillation in L 1 . Then L°° C BMO C L 2 . 
It is well-known that if f £ L 2 , then Hf is bounded on H 2 whenever P ± f £ BMO (cf. [Pe]), If 
p £ L°°, then p^,Tp^ £ BMO, so that and are well understood. It is well known |Ab[ 
Lemma 3] that if <p £ L°° then 

p is of bounded type -<=>■ ker ^ {0} . (1) 

Assume now that both ip and Tp are of bounded type. Since T^H^ = H^T Z for all £ L°°, 
it follows from Beurling's Theorem that kei H— = OqH 2 and ker H— = 0+H 2 for some inner 
functions 0q,9+- We thus have b := TpT0 o £ H 2 , and hence we can write 

<p_ = 80b, and similarly ip + = + a for some a £ H 2 . (2) 

In the factorization ([2")). we will always assume that and b are coprime and 8 + and a are coprime. 
In particular, if T v is hyponormal and ip (£ H°°, and since 

V-tpi 1 f \ — tiTptiTp- tl^ti^ — tl—ti—- ti—ti—, 

it follows that \\H— f\\ > \ \H— f\ \ for all / £ H 2 , and hence 

9+H 2 = kcYH— C kevH— = 8 H 2 , 

which implies that 8q divides 9 + , i.e., 6 + = 8q9i for some inner function 9±. We write, for an inner 
function 9, 

He :=H 2 e9H 2 . 

Note that if / = 9a £ L 2 , then / £ H 2 if and only if a £ T-L z e', in particular, if /(0) = then a £ He- 
Thus, if p = p^+ p+ £ L°° is such that ip and Tp are of bounded type and T v is hyponormal, then 
we can write 

(p+ = 9q9iol and p>- — 9ob, where a £ % z o e 1 and b £ Hg a : (3) 

in this case, 9q9{5, and 9gb are called coprime factorizations of p + and <£>_, respectively. By 
Kronecker's Lemma [Nil p. 183] , if / € H°° then / is a rational function if and only if rank Hj < 00, 
which implies that 

/ is rational ■<=>■ / = 9b with a finite Blaschke product 9. (4) 

We now introduce the notion of block Toeplitz operators. For a Hilbert space X, let L 2 X = 
L 2 X (Y) be the Hilbert space of A"- valued norm square-integrable measurable functions on T and 
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let H 2 X = Hx(T) be the corresponding Hardy space. We observe that L^„ = L 2 <g> C" and H 2 n 
II- ® C". If $ is a matrix- valued function in Lf ln = Lf In (T) (= L°° ® M n ) then 7$ : flg n -> flg n 
denotes the block Toeplitz operator with symbol $ defined by 

T^F := P n (<PF) iorFeH* n , 

where P n is the orthogonal projection of Lfy, onto H^. n . A block Hankel operator with symbol 
$ G is the operator ff$ : -» H^ n defined by 

H$F := J„P^ for F G H^ n , 

where P^ is the orthogonal projection of Lfy, onto (if^n) , J n denotes the unitary operator on 
given by J n (F)(z) := ~zI n F(z) for F € ana ^ wnere -^n is the n x n identity matrix. For 
$ G LjjJ , we write 

$0) := $*(z). 

For $ G , we also write 

$+ := P„$ e J?& B and $_ := (P^$)* e Pf f „. 

Thus we can write $ = $1 + . However, it will be often convenient to permit the constant 
term for Hence, if there is no confusion we may assume that shares the constant term 

with $+: in this case, $(0) = $+(0) + $_(0)*. 

A matrix-valued function 8 G m ( = H°° ® M nxm ) is called inner if 0(z)*0(z) = 7 m 

for almost all zeT. The following basic relations can be easily derived: 

Tw-nT*=H*,Hy ($,feLSJ; (5) 

fl-#T* = fl**, H«* = 2|fl-# (*eiS„.*effSJ; (6) 

For a matrix- valued function $ = [</>y ] G L^, we say that $ is of bounded type if each entry </>,,,• 
is of bounded type and that $ is rational if each entry 0^ is a rational function. 

In 2006, Gu, Hendricks and Rutherford GHR characterized the hyponormality of block 
Toeplitz operators in terms of their symbols. In particular they showed that if T$ is a hyponormal 
block Toeplitz operator on H^ n , then $ is normal, i.e., $*$ = $$*. Their characterization for 
hyponormality of block Toeplitz operators resembles Cowen's Theorem except for an additional 
condition - the normality condition of the symbol. 

Lemma 1.1. (Hyponormality of Block Toeplitz Operators) (Gu-Hendricks-Ruthcrford GHR ) For 
each $ G Lf in , let 

:= {A- G Hfu ■ Halloo < 1 and $ - A$* G Hf^}. 
Then T$ is hyponormal if and only if $ is normal and £($) is nonempty 

In [GHRj , the normality of block Toeplitz operator T$ was also characterized in terms of the 
symbol $, under a "determinant" assumption on the symbol $. 

Lemma 1.2. (Normality of Block Toeplitz Operators) (Gu-Hendricks-Rutherford [GHR ) Let $ = 
$ + -f q>*_ be normal. If dot $ + is not identically zero then 

T$ is normal •<=>■ $+ — $+(0) = (<&_ — 4>_(0)) U for some constant unitary matrix U. (7) 

On the other hand, M. Abrahamse |Abl Lemma 6] showed that if T v is hyponormal, if ip ^ H°° , 
and if ip or Tp is of bounded type then both ip and Tp are of bounded type. However, by contrast 
to the scalar case, may not be of bounded type even though T$ is hyponormal, $ ^ Hjfi an d 
$ is of bounded type. But we have a one-way implication (see |GHR[ Corollary 3.5 and Remark 
3.6]): 

X$ is hyponormal and $* is of bounded type ==> <I> is of bounded type. (8) 
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For a matrix- valued function $ G , we say that A G Hj^ n m is a ^ e ft inner divisor of 

if A is an inner matrix function such that $ = A A for some A G ^M mxr ( m < n )- We also 
say that two matrix functions $ G ff£f and W € are Ze/t coprime if the only common 

left inner divisor of both 4> and ^ is a unitary constant and that $ € H\ /[n ^ r and $ G Hj^ m r are 

rig/ii coprime if $ and \& are left coprime. Two matrix functions $ and in are said to be 
coprime if they are both left and right coprime. We remark that if $ € is such that det $ 

is not identically zero then any left inner divisor A of $ is square, i.e., A G H]^ . If $ G is 
such that det $ is not identically zero then we say that A G ffjy- is a right inner divisor of $ if A 
is a left inner divisor of $. 

The following lemma will be useful in the sequel. 

Lemma 1.3. ( [GHR] ) For $ G , the following statements are equivalent: 

(i) <!> is of bounded type; 

(ii) ker Hg, = OH^„ for some square inner matrix function G; 

(iii) $ = AO*, where A G Hj% and A and are right coprime. 

For an inner matrix function O G , write 

Suppose $ = [<fij] G L^vf is such that <E>* is of bounded type. Then we may write ipy = Qijbij, 
where Oij is an inner function and 9ij and bij are coprime. Thus if 9 is the least common multiple 
of Qij's (i.e., the 9^ divide 9 and if they divide an inner function 9' then 9 in turn divides 9') 1 then 
we can write 

$ = [cpy] = [Oyby] = [9a vj \ = OA* (6 = 9I n , A G tfj^J- (9) 

We note that the representation ([9]) is "minimal," in the sense that if wl n (lu is inner) is a common 
inner divisor of 6 and A, then oj is constant. Let $ = $1 + $+ G be such that $ and $* 
are of bounded type. Then in view of ^ we can write 

$+ = ®iA* and $_ = 2 B*, 

where 0, = ftj/„ with an inner function $i for i = 1, 2 and A, B £ Hj^ . In particular, if $ G LjJJ 
is rational then the #i are chosen as finite Blaschke products as we observed in ((3]). 



In this paper we consider the subnormality of block Toeplitz operators and in particular, the 
matrix-valued version of Halmos's Problem 5: Which subnormal Toeplitz operators with matrix- 
valued symbols are either normal or analytic ? In 1976, M. Abrahamse showed that if ip G L°° 
is such that tp or Tp is of bounded type, if T v is hyponormal, and if ker [T*,T V ] is invariant under 
T v then T v is either normal or analytic. The purpose of this paper is to establish a matrix- 
valued version of Abrahamse's Theorem and then apply this result to solve a Toeplitz completion 
problem. In Section 2 we make a brief sketch on Halmos's Problem 5 and the earlier results. 
Section 3 is devoted to get an Abrahamse's Theorem for matrix-valued symbols. In Section 4, 
using our extension of Abrahamse's Theorem for matrix-valued symbols, we solve the following 
'Toeplitz completion" problem: find the unspecified Toeplitz entries of the partial block Toeplitz 
matrix 



A := 



T-, 



Tt 



(a,/3G©) 



so that A becomes subnormal, where 6a is a Blaschke factor of the form b\(z) 



l-Az 



(A G D). 
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2. Halmos's Problem 5 and Abrahamse's Theorem 

In 1970, P.R. Halmos posed the following problem, listed as Problem 5 in his lecture "Ten problems 
in Hilbert space" [HaTl] . [Hall) : 

Is every subnormal Toeplitz operator either normal or analytic ? 

A Toeplitz operator T v is called analytic if tp 6 Any analytic Toeplitz operator is easily 

seen to be subnormal: indeed, T v h — P(iph) = cph = M v h for h £ H 2 , where M v is the normal 
operator of multiplication by ip on L 2 . The question is natural because the two classes, the normal 
and analytic Toeplitz operators, are fairly well understood and are subnormal. In 1984, Halmos's 
Problem 5 was answered in the negative by C. Cowen and J. Long |CoLj . However, unfortunately, 
Cowen and Long's construction does not provide an intrinsic connection between subnormality 
and the theory of Toeplitz operators. Until now researchers have been unable to characterize 
subnormal Toeplitz operators in terms of their symbols. 

We would like to reformulate Halmos's Problem 5 as follows: 

Halmos's Problem 5 reformulated. Which Toeplitz operators are subnormal ? 

The most interesting partial answer to Halmos's Problem 5 was given by M. Abrahamse |Abj . 
M. Abrahamse gave a general sufficient condition for the answer to Halmos's Problem 5 to be 
affirmative. Abrahamse's Theorem can be then stated as: 

Abrahamse's Theorem f |Abl Theorem]). Let ip s L°° be such that ip orTp is of bounded type. If 
T v is hyponormal and ker [T* , T v ] is invariant under T v then T v is normal or analytic. 

Consequently, if (p € L°° is such that tp or Tp is of bounded type, then every subnormal Toeplitz 
operator must be either normal or analytic. 

We say that a block Toeplitz operator T$ is analytic if $ E Hff . Evidently, any analytic 
block Toeplitz operator with a normal symbol is subnormal because the multiplication operator 
M$ is a normal extension of T$. As a first inquiry in the above reformulation of Halmos's Problem 
5 the following question can be raised: 

Is Abrahamse's Theorem valid for block Toeplitz operators ? 

In [CHL2, Theorem 3.5], the authors gave a matrix- valued version of Abrahamse's Theorem. As a 
corollary the following result was shown: 

Theorem 2.1. ([CHL2, Corollary 3.9]). Suppose $ = L^ n is a matrix-valued rational 

function. Then in view of (J9j> and Q, we may write 

$_=5*9, (10) 

where 9 := 9I n with a finite Blaschke product 6. Assume that B and O arc (left) coprimc. If T$ 
is subnormal then T$ is either normal or analytic. 



Note that in the coprime factorization (ITU1) of is a diagonal- constant inner function, 
i.e., a diagonal inner function, constant along the diagonal. This assumption seems to be too rigid. 
To see this, we consider the following example. 

Example 2.2. Let b a :— (a € B), let 6 be an inner function which is coprime with b a and bp 

(a /3) and consider the following matrix-valued function 

6 9b a + c0b fj 



$ := 



Then 



c6 2 b 





6 2 b n 



0bp 




where c G E with c > 
9 bp 



and 



6b n 



A straightforward calculation shows that $*<!> = <f>(f>*. If K := - 

1 1 Alloc <1 and $*_ =A$;, 



8b n 



(11) 



then 
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which implies that by Lemma 11.11 T$ is hyponormal. But a direct calculation shows that T§ is 
not normal. On the other hand, we observe 



4>_ 



9 9b r , 



* 


7" 




~_6_ bp 




7" 




9_ 




9b a 6 _ 




9. 



so that _ _ 

' \C / + 9geH 2 
which implies (by using the assumption that 9 is coprime with b a and bp), 

f e H 2 and c? € %if 2 . 

Thus we have 



kerif^. = 



6b a 

o ebp 



ii 



so that, by Lemma Tl. 31 we can get 

$1 = 

where 



9b a 




9b a 




X 9 


bp 9 _ 




9bp 




1 bp 



— OB* (right coprime factorization) , 



Hence we get 



e 



= B*e = 



9b a 0^ 
9bp 



and B 



b a 
1 bp 



k r 


* 


'9b a 


" 


9 bp_ 







9bp 



(left coprime factorization). 



But since = 



is not diagonal-constant we cannot apply Theorem 12.11 to determine 



9b a 
9bpj 

whether or not T$ is subnormal. However, as we will see in the sequel, we can conclude (using 
Theorem 13.81 below) that T$ is not subnormal. □ 



3. Abrahamse's Theorem for matrix-valued symbols 

Recall the representation ©, and for ^ g such that \P* is of bounded type, write ^> = 

02.B* = B*&2- Let f2 be the greatest common left inner divisor of B and 02- Then B = QBg and 
02 = flfl2 for some Bi £ ff^ and some inner matrix 02- Therefore we can write 

^ = B%Q,2, where Bi and are left coprime: (12) 

in this case, B^Q2 is called a left coprime factorization of 'J. Similarly, 

\& = A2B*, where B r and A2 are right coprime: (13) 

in this case, A2B* is called a right coprime factorization of 'P. 

To prove our main results, we need several auxiliary lemmas. 
We begin with: 

Lemma 3.1. (a) Let $ = + <E> + e L^ be such that $ and <I>* are of bounded type. Then in 
view of ©, we may write 

$+=A*0i and $_= J B*0 2 , 
where 0j := 9il n with an inner function 9i [i = 1, 2). If Tij, is hyponormal, then ©2 is a right inner 
divisor of 0i. 

(b) In view of (fT3"|) , $ € Ljg may be written as 

$ + = AiA* (right coprime factorization) and $_ = A 2 S* (right coprime factorization). 
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If T$ is hyponormal, then A2 is a left inner divisor of A±. 
Proof. See [CHL2, Lemmas 3.1 and 3.2]. 



□ 



In the sequel, when we consider the symbol $ = $!_ + $ + G , which is such that $ and 
are of bounded type and for which 7$ is hyponormal, we will, in view of Lemma 3.1, assume 
that 

$ + = A*Q,iV>,2 and $_ = B^Q,2 (left coprime factorization), (14) 
where f^if^ = = 9I n . We also note that f^^i = 0: indeed, if fiif^ = = 9I n , then 
(6I n Cli)Q,2 — In, so that Cli(6I n fl2) — Fi, which implies that (6I n Q.2)£lx — I n , and hence 
n 2 ^i = 0I n = 0. 

We recall the inner-outer factorization of vector-valued functions. If D and E are Hilbert 
spaces and if F is a function with values in B(E, D) such that F (-)e G .fff>(T) for each e € E, then 
F is called a strong i? 2 -function. The strong i/ 2 -function F is called an inner function if F(-) is 
an isometric operator from D into E. Write Ve for the set of all polynomials with values in E, 
i.e., p(C) = ELoP( fc )C fc , P(k) G -E- Then the function Fp = Y,k=o F P( k ) zk belongs to iJf,(T). 
The strong _ff 2 -function F is called outer if 

cl J F 1 -7' B = i/| ) (T). 

Note that every F G Hf 4 is a strong i/ 2 -function. We then have an analogue of the scalar 
Inner-Outer Factorization Theorem. 

Inner-Outer Factorization, (cf. [Ni]) Every strong if 2 -function F with values in B(E,D) can be 
expressed in the form 

F = F l F e , 

where F e is an outer function with values in B(E,D') and F l is an inner function with values in 
B(D',D) for some Hilbert space D'. 

We introduce a key idea which provides a connection between left coprime-ness and right 
coprime-ness. 

Definition 3.2. If A G Hj% is an inner function, we define 

D(A) := GCD {9I n : 6 is inner and A is a (left) inner divisor of 6I n } , 
where GCD (•) denotes the greatest common inner divisor. 

Lemma 3.3. If A G ^ s an mner function then 

D(A) — SI n for some inner funtion 6. (15) 

Proof. Let A G be inner. Then since A* is evidently of bounded type, we can write, in view 
of©, 

A = 0^4* with 9 = 9I n for an inner function 9 and A G . 
But since A is inner it follows that A* A — I n , so that A A = O. This says that A is a left inner 
divisor of 9I n . Thus D(A) always exists for each inner function A G . For (fT5")) , we observe 
that for any index set I, 

n n 

D(A)H£ n = V(0,J n )flg„ = V d ^ 2 = GCD {°i ■■ 1 e 7 }^ 2 ' ( 16 ) 

iei j=i iei 3=1 

which implies that D(A) = 5I n with S := GCD {9 t :iel}, giving (|15p. □ 

Note that D(A) is unique up to a diagonal-constant inner function of the form e l ^I n . 

If one of two inner functions is diagonal-constant then the "left" coprime-ness and the "right" 
coprime-ness between them coincide. 
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Lemma 3.4. Let A £ Hf^ be inner and := 9I n for some inner function 9. Then the following 
are equivalent: 

(a) and A are left coprime; 

(b) 8 and A are right coprime; 

(c) O and D(A) are coprime. 

Proof. We first prove the equivalence (b) (c). 
(c) (b): Evident. 

(b) =>■ (c): If A is a diagonal-constant inner function then this is trivial. Thus we suppose 
that A is not diagonal-constant. Write 

13(A) := SI n and D(A) = AAq = AoA for a nonconstant inner function Ao- 

Suppose and -D(A) are not coprime. Then 9 and (5 are not coprime. Put 

uj := CCD {0, S) and Q := ul n . 

Thus 

6 = f26i and D(A) = QAi, 

where ©i = 9\I n and Aj = <5i/„ for some inner functions 9\ and b~\. Then 

9J n = 06i and AA = £/„ = fiAi. (17) 

If <5 = oj then <5/„ is an inner divisor of 9I n , so that, evidently, and A are not right coprime. 
We now suppose 5 ^ lj. We then claim that 

A and Q are not right coprime. (18) 
For (fT5|) . we assume to the contrary that A and f2 are right coprime. Since by (|17p . 

<Mn = AA SJ/ n = A(wJ n A ), 

it follows that w/ n is an inner divisor of Ao, so that u:I n Aq is inner. Consequently, 

(5U)I n = S 1 I n = A(uJl n A ), 

which contradicts to the definition of D(A). This proves P^|) . But since = flOi — ©i^, it 
follows that and A are not right coprime. 

(a) <^> (c). Since D(A) = D(A), it follows from the equivalence (b) (c) that 

and -D(A) are coprime and D(A) are coprime 

and A are right coprime 
and A are left coprime. 
This completes the proof. □ 



Lemma 3.5. Let A £ be such that det A is not identically zero and := 9I n for some inner 

function 9. Then the following are equivalent: 

(a) and A are left coprime; 

(b) and A are right coprime. 

Proof. Since det A is not identically zero, the left and the right inner divisors of A are square. 
Thus we have the following inner-outer factorizations of A of the form 

A = A l A e = B e B l , 

where A % ,B l £ are inner and A e ,B e £ are outer. We will show that 

D{A l ) = D{B l ). (19) 

Write 

D(B l ) = B 1 Aq for some inner function Aq. 



Then we have 



D(B l )Hl 



= D{B i ) 
= c\A i A e 



c\B e V c 
A P C « 



c\B c 



D{B l )V Cn 



= A 1 



clA e A -Pc" 



= c\B e B l 



which proves that D(B % )H^ n C A l H^ n , so that A 1 is a left inner divisor of D{B l ). Thus by the 
definition of D(A l ), D(A l ) is a (left) inner divisor of D(B l ). Similarly, we can show that D(B t ) 
is an inner divisor of D{A t ) 1 and hence D(A l ) = D{B l ). Thus by Lemma T3.41 we have 



and A are left coprime 



and D(A l ) are coprime 
and D(B l ) are coprime 
9 and A are right coprime. 



□ 



In Lemma l3.5[ if 9 is given as a finite Blaschke product then the "determinant" assumption 
may be dropped. 



Lemma 3.6. Let A G and O := 9I n for a finite Blaschke product 9. 

equivalent: 

(a) and A are left coprime; 

(b) G and A are right coprime; 

(c) A(a) is invertible for each zero a of 9. 

Proof. See [CHL2, Lemma 3.3]. 



Then the following are 



□ 



Lemma 3.7. Let A G and 8 be a diagonal inner function whose diagonal entries are noncon- 
stant. If Af = for each"/ G Uq, then A = 0. 

Proof. Write A = [(Hj]i<i,j<n ( a ij G an d © = diag(6*i,-- - ,6*„) (where 9j is a nonconstant 
inner function for each j = ,n). Suppose ^4/ = for each / e Hs- Choose an outer 

function hj in T~Lg j which is invertible in H°° (cf. [CHL2, Lemma 3.4]). For each j — 1, ■ • • , n, 
define gj := (0, ■ • • , 0, hj, 0, • • ■ ,0)* (where hj is the j-th component). Clearly, gj g He- Thus 
by assumption, = for each j, so that dijhj = for each i,j = 1, • • • ,n. But since /i^ is 
invertible, a%j — for each i, j = I, ■ ■ ■ ,n, i.e., ^4 = 0. □ 



We are now ready to prove the main result of this paper. 

Theorem 3.8. (Abrahamse's Theorem for matrix-valued symbols, Version I) Suppose <i> = $1 + 
G is such that $ and $* are of bounded type and det 4> + and det $_ are not identically 
zero. Then in view of (|12j) . we may write 

$_ = B*Q (left coprime factorization) . 

Assume that & is a diagonal inner matrix function (which is not necessarily diagonal-constant) 
and that has a nonconstant diagonal-constant inner divisor f2 = u)I n (u> inner) such that Q and 
00* are coprime. If 

(i) X$ is hyponormal; and 

(ii) ker [T^,T$] is invariant under X$ , 

then X$ is either normal or analytic. Hence, in particular, if X$ is subnormal then it is either 
normal or analytic. 
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Proof. For notational convenience, we let O2 := ©• In view of Lemma 13. If a), we may write 

$+ = e e 2 ^*, 

where @o©2 — 0I n with an inner function and A £ 5^. If 82 is constant then $_ £ M n , 
so that T$ is analytic. Suppose that 02 is nonconstant and O2 := OA, where f2 = u>I n with a 
nonconstant inner function u>, and f2 and A are coprime. 

We split the proof into six steps: each step is significant as a separate mathematical statement. 

STEP 1: We first claim that 

9 flg» C ker [T*,T$]. (20) 

Indeed, the inclusion ([20)) follows from a slight extension of [CHL2, Theorem 3.5], in which 02 is a 
diagonal inner function of the form O2 = 6*2/11 ■ In fact, a careful analysis for the proof of [CHL2, 
STEP 1 of the proof of Theorem 3.5] shows that the proof does not employ the diagonal- constant- 
ness of 02, but uses only the diagonal-constant-ness of ©o©2- 

STEP 2: We also argue that if K £ £($), then 

cl ranges Q ker (/ - T R T* R ). (21) 
To see this, we observe that if if € then by ([6]), 

Trp* rp 1 TJ* tt tt* tt tt* (t r T^ r r*\ T J {00\ 

J$J — -H^-tt^ - tl K ^*_tL K ^* + — n^» + {l - ± K ± ^J-H$* , 

SO that 

ker [T*,T*\ = ker {I - T R T*~)H n . 

Thus by ([201), 

{0} = (/ - T R T* R )H Ae ^r o (Q Hl n ) = (I - T r T~)Has* (H^„ ) , 

giving 42I]). 

We note that STEP 1 and STEP 2 hold with no restriction on = 2 . 
STEP 3: We claim that 

ft and ©o are (right) coprime. (23) 

To see this we assume to the contrary that ft and ©o are not coprime. Since ©2©o = ftAQo 
and ft are diagonal-constant, it follows that A©o is diagonal-constant. Also there exists an inner 
function A' such that AA' = D(A). Thus we can write 

© 2 ©o = ftA© = ftAAT 

where T := jl n for some inner function 7. Since by assumption, ft and A are coprime it follows 
from Lemma 3.4 that ft and AA' are coprime. Therefore we have 

ft' := GCD{ft, O } = U)'I n , 

where ui 1 — GCD{w,7} is not constant. Thus we can write 

©o = ft'© = ©oft' and 2 = ft'© 2 = ©2^' (24) 

for some diagonal inner functions O ,© 2 . Then since ©2©o — ^'©2©o = ^'©o©2 = ©o@2> it 
follows from (J20J) that 

©2© i?c" C Q Hln C ker T*]. (25) 

Note that 

©2©o = ftA0 o = ftAA'(7u7)I„ ( 7 c7 £ H 2 ). 
Thus since ©2©o is diagonal-constant and hence, ©2-E>©2©o € -ffjvf i ^ follows that 

ff*. (e a e{,f£0 = i/e 2 -B(© 2 ©d^c") = 0. 

Thus by (|23| . we have 

tf n (0 2 ©o#c») -^Ae*e*(©2©o^C") = W, so that ff An - = {0}. 
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Thus we must have that G = Afl'* G H\j . Then we can write 

= e e 2 A* = n'e' e' 2 n'A* = (i'e' e' 2 G*, 

which leads to a contradiction because the representation $ + = Oo02^4* is in "minimal" form in 
view of ©. This proves (l23l) . 



STEP 4: We claim that 

A and are left coprime. (26) 
Indeed, by assumption B and 02 are left coprime, so we can see that B and f2 are left coprime. 
Since det<I>_ is not identically zero and hence, det-B is not either, it follows from Lemma l3~5l that 
B and Q are right coprime. Thus by Lemma l3.1f b). we can write 

= e e 2 A* = q,AiA* , 

where A r and JlAi are right coprime. In particular, since by (|23|) . fl and Qq are right coprime, A 
and f2 are right coprime. Since by assumption, det $ + is not identically zero and hence, det A is 
not cither, it follows again from Lemma T3. 5 1 that A and il are left coprime. This proves (l26|) . 



STEP 5: We now claim that 

contains an inner function K. (27) 
We first observe that AQt, = Afl*A* = Q*AA*, so that 



cl rani/^e* = (kcri?^,^, 
Since by (|2"6")l , A and f2 are left coprime (so that A and fi are right coprime), it follows that 



2 ^- rr2 



Afi*/ G A^„ C flj 
/Gkertf^, 

/ G f2ff^„ (by Lemma O 



which implies that 
and hence, 
Thus by (|2T|). 
We thus have 



Hq C cl ran -ff^iej ■ 
H fi C ker (7 -T^Ti). (28) 



F = T R T* R F for each F eH^- (29) 
But since ||if||oo = Halloo < 1, it follows from a direct calculation that 

\\p n (K*F)\\ 2 = \\K*F\\ 2 , 

which implies K*F G Fg n . Therefore by (gU), {I - KK*)F = for each 7 1 G "H^. Thus by 
Lemma ET7l = I, which proves (|2?), 



STEP 6: We finally claim that 

T$ is normal. 

To see this, we first observe that if K G £ ($) is inner then it follows from ([28)) that 

« s C ker (I - TgT-) = ker ffi. % , = ker . (30) 

Write K :— [kij]i<ij< n E Hj^ . It thus follows that for each i, j = 1, 2, • • • , n, 

kij{z)h G H 2 for an invertible function h G 

Therefore each kij is constant and hence, K is constant. Therefore by (|22l) . [T|,T$] = 0, i.e., T$ 
is normal. This completes the proof. □ 
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In Theorem l3.8l if has a nonconstant diagonal-constant inner divisor of the form uil n with a 
Blaschke factor w, then we can strengthen Theorem l3.8l bv dropping the "determinant" assumption. 

Corollary 3.9. Suppose $ = + <3>+ e is such that $ and $* are of bounded type. Then 
in view of (|12j) . we may write 

= B*Q (left coprime factorization) , 

where is a diagonal inner matrix function. Assume that has a nonconstant diagonal-constant 
inner divisor fl = w7 n with a finite Blaschke product w such that f2 and 0f2* are coprime. If 

(i) 7$ is hyponormal; and 

(ii) ker [T£, 7$] is invariant under T$ , 

then T$ is either normal or analytic. Hence, in particular, if T$ is subnormal then it is either 
normal or analytic. 

Proof. If we put f2 := u)I n with a finite Blaschke product u, then we may use Lemma l3.6l in place 
of Lemma 13.51 Thus we can drop the "determinant" condition in Theorem 13.81 because Theorem 
13.81 employs the determinant condition only for the equivalence of the left coprime-ness and the 
right coprime-ness between Q and some D € . □ 



In Corollary [233 if is diagonal-constant then we may take Q — ft, and hence 0f2* = I, so 
that 9 and 0f2* are trivially coprime. Thus if 6 is diagonal-constant then Corollary 13.91 reduces 
to Theorem GLU 



Example 3.10. (Example 12 . 21 Revisited) We take a chance to reconsider the function given in (jTTJ) : 



$ := 



9b n + c6bf 



»j8 



c6 2 b r 



where c 6 R with c > 



In Section 2 we have shown that T$, is hyponormal, but not normal. On the other hand, we know 
that 



$_ = B*e = 



k r 


* 


'0b a 


" 


6 b l3 _ 







eh? 



(left coprime factorization) , 



But since 



~9b a " 




'9 0" 




K 0" 


9b p 




9 




bp_ 



and 







and 



b a 
&s 



e 



are coprime (since 9 is coprime with b a and 6/3), it follows from Theorem 



that T$ is not subnormal. 



□ 



Remark 3.11. The assumption "9 is diagonal" in Theorem 13.81 seems to be still somewhat rigid. A 
careful analysis of the proof of Theorem 13.81 shows that this assumption was used only in proving 
STEP 3 (and whence STEP 4). However, we did not directly employ the assumption "8 = 02 is 
diagonal" in the proofs of STEP 5 and STEP 6; instead we used the statement in STEP 4. Also, 
we have already recognized that STEP 1 and STEP 2 hold with no restriction on 0. Therefore if 
we make the assumption 11 A and f2 are left coprime" in Theorem l3.81 then Theorem l3. 81 still holds 
for a general form of 0. Moreover, if we assume that A and are left coprime then we do not need 
an additional assumption that and 0J7* are coprime because it was used only in the proof of 
STEP 3 (as an auxiliary lemma for STEP 4). Consequently, if we strengthen the left coprime-ness 
for the analytic part of the symbol then we can relax the restriction on 0. 

Therefore we get: 
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Corollary 3.12. (Abrahamse's Theorem for matrix-valued symbols, Version II) Suppose <f> = 
$* + <!>+ G Lj% n is such that $ and $* are of bounded type and det $ + and det$_ are not 
identically zero. Then in view of (|14|) . we may write 

$+ = ,4*6062 and $_= J B*6 2 , 

where 6o©2 = din with an inner function 6. Assume that A, B and O2 are left coprime and O2 
has a nonconstant diagonal-constant inner divisor = u)I n (uj inner) . If 

(i) X$ is hyponormal; and 

(ii) ker [T| , 2$] is invariant under X$ , 

then X$ is either normal or analytic. Hence, in particular, if X$ is subnormal then it is either 
normal or analytic. 

Proof. This follows from Remark 13.111 and an analysis of the proof of Theorem 13.81 □ 

Remark 3.13. Observe that Corollary 13. 121 is a substantive generalization of [CHL2[ Theorem 3.5], 
in which 02 is diagonal-constant. 



4. A Subnormal Toeplitz Completion 

Given a partially specified operator matrix with some known entries, the problem of finding suitable 
operators to complete the given partial operator matrix so that the resulting matrix satisfies certain 
given properties is called a completion problem. A subnormal completion of a partial operator 
matrix is a particular specification of the unspecified entries resulting in a subnormal operator. A 
partial block Toeplitz matrix is simply annxn matrix some of whose entries are specified Toeplitz 
operators and whose remaining entries are unspecified. A subnormal Toeplitz completion of a 
partial block Toeplitz matrix is a subnormal completion whose unspecified entries are Toeplitz 
operators. 

In jCHLlj . the following subnormal Toeplitz completion problem was considered: 

Problem A. Let U be the unilateral shift on H 2 . Complete the unspecified Toeplitz entries of the 
partial block Toeplitz matrix A:— [ ^ J» ] to make A subnormal. 

The solution of Problem A given in |CHL1[ Theorem 5.1] relies upon very intricate and long 
computations using the symbol involved. In this section, by employing our main result in Section 
3, we provide a shorter and more insightful proof for the following problem which is a more general 
version of Problem A: 

2-A 



Problem B. Let b\ be a Blaschke factor of the form b\(z) := 
unspecified Toeplitz entries of the partial block Toeplitz matrix 



1-A2 



(A e 



Complete the 



.4 



T-, 



? 

T-r 



to make A subnormal. 



To answer Problem B, we need: 
Lemma 4.1. Let 

" b a e x b 



4>_ 



and ker i?** = A_ffH 2 



%a b 



(a e H z e a , b E H z ei an d 6j inner (j = 0, 1)) 



(a) If O = by (n > 1, o (a) ^ 0) and 1 (a) ^ 0, then 

~b a 0i 



A = <^ 



O 

-7^0 &rx 



(n = l); 
(n > 2) ( 



7 := 



_ a(a) 
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(b) If 6-1 = by[ (n > 1, 6[(a) ^ 0) and 9 Q (a) + 0, then 

(n = l); 



A = { 



0i 
Mo 



76*0 Mo 



(c) If o (a) 7^ and 9 x {a) # 0, then 

A = 

(d) If O = Mo and 0i = Mi then 
0i 



Mi 
Mo 



A = ^ 



O 

-7#o O 



((a6)(a)^(0 o 0i)(a)); 
((a6)(a) = (e' 6[)(a)) (7 == 



VItF+T 

Proof. This follows from a slight variation of the proof of [CHL1, Lemmas 5.4, 5.5, and 5.6] 

We are ready for: 
Theorem 4.2. Let ip,ip G L°° and consider 

A := 



□ 



(a,/3 G D) , 



where 6> is a Blaschke factor of the form b\(z) := 2 = (A € ED). The following statements are 
equivalent. 

(a) A is normal. 

(b) A is subnormal. 

(c) A is 2-hyponormal. 

(d) a = /3 and one of the following conditions holds: 

1. ^> = e ie b a + C and ip = e^y? (C G C; 0, w G [0, 2tt)); 

2. v3 = /ife Q +e 4 V 1 + Im| 2 ^+C and V = e l ar ^V (/i, C G C, fi ^ 0, \fi\ ^ 1, G [0, 2tt)), 
except in the following special case: 

(y5_ = b a 9' Q a and V>- = b a 9' 1 b (coprime factorizations) with (ab)(a) = (9' Q 9[)(a) ^ . (31) 

However, if we also know that tp,ip G L°° are rational functions having the same number of poles 
then either (2) holds for = 1 or 

(f = e l6 b a + 2e luJ b a + C and ip = e~ 2i \ (0, u G [0, 2tt), ( e C) : 

in this case, A + e~ l6 ( is quasinormal. 

As a straightforward consequence of Theorem 14.21 we obtain 
Corollary 4.3. Let 



A := 



U* U* + 2U 
U* +2U U* \ ' 

where U = T z is the unilateral shift on H 2 . Then A is a quasinormal (therefore subnormal) 
completion of [ ^ J» ] , and A is not normal. 
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Proof of Theorem \4--2\ Clearly (a) =>■ (b) and (b) =>• (c). Moreover, (d) =>■ (a) follows from a 
straightforward calculation, 
(c) =*> (d): Write 



$ = 



b a p 









' 








+ 








and assume that T$ is 2-hyponormal. Since ker [T* , T] is invariant under T for every 2-hyponormal 
operator T E B(H),we note that Theorem l3.8l holds for 2-hyponormal operators T$ under the same 
assumption on the symbol. We claim that 

M = M, and (32) 
$ and <E>* are of bounded type. (33) 

Indeed, if X$ is hyponormal then <3> is normal, so that a straightforward calculation gives (l32l) . 
Also, by Lemma [TTT1 there exists a matrix function K = £ i.e., ||^||oo < 1 such that 

e HE„, i.e., 



6 Q 






fcl fc 2 




' o ^+ 


>- 






fc 3 fc 4 _ 




w o _ 



G H 



which implies that 



H T =H, 



M 2 i 



= H ¥T T k ^ and //- //, — //— V, 



(34) 



If is not of bounded type then keriJ— = {0}, so that fc 2 = 0, a contradiction; and if ^+ is 
not of bounded type then kerff— = {0}, so that k% = 0, a contradiction. Thus 7p+ and ip+ are of 
bounded type, so that $* is of bounded type. Since T$ is hyponormal, it follows from © that $ 
is also of bounded type, giving (|33[) . Thus we can write 

ip_ := 9 a and V- : = ( a £ %z0o> & e ^zej, 

where #o and #i are inner, a and #o are coprime and 6 and 9\ are coprime. On the other hand, by 
(j34|) , we have 

(b a -k 2 p^&H 2 , Oxb-kiTp^^H 2 
which implies that the following Toeplitz operators are all hyponormal (by Cowen's Theorem): 

Then by the scalar- valued version of Lemma 13.11 we can write 

p+ = 6163d and -0+ = 8 O 02C (d G W. z e 1 8 3 , c G H z e o 2 ), (37) 

where # 2 and #3 are inner, d and #i#3 are coprime, and c and #o$2 are coprime. In particular, 
d(a) 7^ and c(/3) 7^ 0. We now claim that 

a = /3. 

Assume to the contrary that a ^ ft. Since $ is normal, i.e., "I > "I > * = $*$, we have 



(38) 



ba P 




b a V 




ba 1p 




ba P 


_%p bp_ 




Jp b p _ 




Tp b p _ 




_%p bp_ 



which gives 

b a ip + pb l3 = baP + ipb l 3, i.e., (b a - hp)(ip + b a bpp) = . 

which implies that ip = —b a bplp since a 7^ ft. We put 

V- ■= P-H(b a bp){f-) and p"_ := P babllH 2(p_). 

We then have 

= -babpp'L and = —b a bj3{p+ + </?'_)• 
It thus follows from (l39l) that 



?i& = 0_ = -6 a & /9 (^+ so that b = -b a bp(6 3 d + 9i<p'_) G # 2 



(39) 
(40) 
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which gives 

6 3 d + 6itp'_ G H 2 , and hence, d G 9 3 H 2 , 

which implies that #3 is a constant because $3 and d are coprime. We therefore have ip + = B\d. 
It thus follows from (|36l) together with again Lemma 13.11 that 

61 = bofi'\ (some inner function 9[). 

But since by 

b = -b a b p {d + e^_) G W, 

so that 

d + 0i<p'_ G babpH 2 , 

which implies that d(a) = 0, a contradiction because 9\ and d are coprime. This proves (|38[) . 
We now write 

b a ip 
_ip b a 

where 

(f- := an d ip- '■— 9\b (a G %e D , 6 G 7^ 

Moreover, we have 

{b a - feW € <?i& _ feW G -ff 2 

6 Q - fe/07 e i? 2 , 9 a a - krtp^ e H 2 

and the following Toeplitz operators are all hyponormal: 



6 Q 




+ 


' 




6 Q _ 




. 



T- T- T- T- 

± b a +(p + ^ J -e 1 b+tp + ^ ± b a +tj> + i ± e a+ip + - 

Note that ip+tp+ is not identically zero, so that det $ + is not. Put 

9 Q = b™0' a and B x = b n J x (m,n> 0; ^(o) ^ 0, ^(a) ^ 0). 
We now claim that 

to — n = or m = n = 1. 
We split the proof of (f4"3")l into three cases. 



(41) 
(42) 



(43) 



Case 1 (to 7^ and n = 0): In this case, we have a(a) 7^ because #o(a) = and #0 and a are 
coprime. We first claim that 

to = 1. 

To show this we assume to the contrary that to > 2. Write 



(44) 



7 - 



a(a) 



and v 



1 



To get the left coprime factorization of applying Lemma Sjjb) for gives 



b a _ a 
9~ib b a 



= (right coprime factorization) , 



and B G i? 2 M , 



= B*Vl2 (left coprime factorization) . 



where 
which gives 

" b a e-j> 

e a b a 

On the other hand, by a scalar- valued version of Lemma 13.11 and (l42l , we can see that 

<P+ = b a 9i9^d and ip+ = #o$2C for some inner functions #2,^3, 

where d G 'H z b a 9 1 e a and c G % z e e 2 . Thus in particular, c(a) ^ and d(a) 7^ 0. We first observe 
that 

fe(a)=0 and fe(a) = : (45) 
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indeed, in (Hi 



b a - hip+ en 2 =^b a - k 3 e e 2 c G H 2 

=>• &a - fc 3C G b%6' e 2 H 2 

=r- £3(0) = (since m > 2) 



and 



which proves (145)) . Write 



6 Q 6» 3 6 - fc 4 d G b a 9i9 3 H 2 
==>■ £4(0) = , 

= &»0£ and 3 = ^ 3 (^(0)960,^3(0)^0). 



Then we can write 



MiM 
h0 2 c 











ct ,/ 0' / 2'- 

We suppose that p + 1 < to + q and write r := (m + g) — (p + 1) > 0. Then 



6»i6» 3 c 

W' 2 d 



(W 2 )A*, 



where 6» := b™ +g 8^8^81,. Observe that 



AQ* 2 = v 



8 x 8' 3 c 
b r J' 6' 2 d 



b%-y 

-76*0 6 Q 6»i 



70'c 



b a 8' 3 c 



b r ~ m+1 8' 2 d -lb r - m 8' 2 d 



If r > to — 1, then we have 



Put 







1 


= V 





H- ba (e' 3 c) 

- 7 ff 6r »(^d). 



and ^^ = V^T5P 



1 — 



1 — az 



and observe that rani?r = T~Lb^ = V{^i}- Since (8' 3 c)(a) 7^ and (8' 2 d)(a) 7^ 0, it follows from 
(gID that 



0*1 



G cl ranffAnj C kcr (/ - T R T*~), 



(46) 



where /3 G C is possibly zero (when r > m). We observe that if k G H 2 , then since 1 _ 1 az is the 
reproducing kernel for a, we can get 



(47) 



indeed, if k G H 2 and n > 0, then 



(/fc(z)<5i, z") = (<5i, fc(z)z") = (kz n , tfi) = y/1 - \a\ 2 k{a)a n = 1/I - |affc(a)a n , 



so that 



T m Si = P(k(Z)&) = y/l -\a\ 2 k(a) V a"z" = fc(o) ^ |a|2 = fc(a)fc , 

^ — ' 1 — az 

n=0 
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which proves d47J). It thus follows from (j45j> . (|46| and (J47j) that 



fcl «2 

fe 3 fc 4 





"*1 " 




0ft 



Tk 3 (-)Si + /3T fe4 (-)ft 

'(fei (a) +j(3&2(a))5i 




■Pk 2 (a))6i 
/3fc 2 (a))ft 



k 2 K4 

fci (fci (a) 
fc 2 (fci(a) 

which implies that fci and fc 2 are nonzero constants. Thus by (|41[) . 

6 Q - fc 2 W eH 2 =^ b a Jp + e h 2 => d^d g i? 2 , 

which implies that 0i0 3 is a constant. Without loss of generality we may assume 0i0 3 = 1 and 
ip- = 0. Similarly, from ([iljl. 0oa — fciV>+ € if 2 , i.e., 0oa — fci0o0 2 c G if 2 implies 2 = 1. But since 
by (|32j). = we have 

|6 Q d + o a| = \ip + + ~\ = \ip + \ = \9 c\ (where a G %e , c G ^ z e ) > 
b a 9 (b a d + 9 a)(b a d + 9 a) = b a 9 cc, 

ad = b a ([9 c)c - (9 Q d)d - (9 a)(9 d)b a - (0 o a)a) . (48) 

But since a, c G "H z e , and d G "H 2 b Q , it follows that 0oa, 9qc and 0o<i are in H 2 . Thus (j48]) implies 
that (ad)(a) = 0, a contradiction. Therefore this case cannot occur. 

If instead r < m — 1 then the same argument as before leads to a contradiction. Therefore 
this case cannot occur. Moreover, by the same argument as in the case p + 1 < m + q, the case 
P + 1 > m + q cannot also occur. This proves (j44|) . 

Now by Lemma 14.1( b). we can write 



which implies 
so that 



X 0" 


* 


'^o " 


6 Q 6 6»i 




Mi 



B*f2 2 (left coprime factorization). 



Observe 



ft 2 = 



"0o " 




'6a 0" 




"0o 0" 


Mi 




fe Q _ 




0i 



Since o (a) 7^ and 0i(a) 7^ 0, it follows from Lemma [3751 that 



and 



0d 

0i 



are coprime, 



b a 
[0 b a \ 

so that by Corollarv l3.9[ T$ should be normal. Since det is not identically zero, it follows form 
Lemma ITT21 that $ + — G M„ for some constant unitary matrix U = [% We observe 

6 Q 0i6 
%9 2 c 



$+ - $_[/ G M„ 





' 6 Q 0i b 




C\ 


c 2 




"6 


6' 




9 a b a 




. C 3 


C4 




>3 





(6 e C) 



I ci6 Q + c 3 0i6 = -£1 
|c 4 6 Q + c 2 o a = -£4 
==>■ ci = 0, C4 7^ 

=^c/=[° C2 " 

c 3 c 4 

which contradicts the fact that J7 is unitary. Thus this case cannot occur. 



(c 4 7^ 0), 



Case 2 (m = and 0): This case is symmetrical to Case 1. The proof is identical to that of 
Case 1. Therefore this case cannot occur either. 
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Case 3 (m ^ 0, n ^ and m > 2 or n > 2): In this case, a(a) ^ and 6(a) ^ since 0q and a 
are coprime and 0\ and & are coprime. By Lemma l4.1f d). we can write 



a 


* 


'Oo 0" 






9x 



B*fl 2 (left coprime factorization) 



We first suppose m > 2. By a scalar- valued version of Lemma I3TT1 and (|42|) . we can see that 

Lp + = 0\0 3 d and '0+ = 9o9 2 c for some inner functions #2, #3, 

where c? € / H z ei_e 3 and c G V. z e e 2 - Note that c(a) ^ and d(a) 7^ 0. We first observe 

k 3 (a)=0: (49) 

indeed, in (HQ), 6 Q - fc 3 ^ G # 2 implies b%-%9 2 - foe G b ly a l 9' 6 2 H 2 , giving fc 3 (a) = 0. Write 

2 =M 2 and 3 = M 3 (^(a) ^ 0, 3 (a) ^ 0). 

Then we can write _ 

b^+P9[9' 3 d 





%0 2 C 



h8 3 d 






b™ +q 9' 9' 2 c 

If n + p < m + q, write r := (m + q) — (n + p) > 0. Then 

9[9' 3 t 








where := b^+W^'^. Observe that 



b r Md 



An* 2 = 



b r Md 









'Oo 0" 









9i 




b r a - m 0' 2 d 



(0I 2 ) A*, 



by 3 c 



so that 



Had.* 








'H- ba (0' 3 cy 










Since (# 3 c)(a) ^ 0, it follows from pip and the same argument as (|46|) that 

Gel ran^ n , C ker (7 - T~Ti) . 
Since by fc 3 (a) = 0, it follows from (gTJ) that 



fei 



All ^2 
. &3 ^'4 

fci(a)(5i 
fc 3 (a)<5i 













fci(a)fci<5i 
fci(a)fc 2 <5i 

which implies that k 2 — 0. This leads to a contradiction with (|4Tj) . If n+p > m + g, then a similar 
argument leads to a contradiction. Also if instead n > 2, then the argument is symmetrical with 
the case m > 2. Thus this case cannot occur. 



Consequently, all three cases cannot occur. This proves (|43[) . 

Now it suffices to consider the case m = n = and the case m = n = 1. 
Case A (m = n = 0) In this case, by Lemma FPT c) we can write 



9o b a a 


* 


'Mo " 


b a b 6»i 




Mi 



= .B*f22 (left coprime factorization). 



Observe that 



n 2 



"Mo " 




b a 0" 




'0o 0" 


Mi 




b a _ 




0! 
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and 



b a 
[O b a _ 

so that by Corollarv l3.91 T$ should be normal. Since det <£>+ is not identically zero, it follows form 



Since 80(a) 7^ and 61(a) 7^ 0, it follows from Lemma I3~6l that 



60 
61 



Lemma ITT21 that <£>+ — <£>_[/ G M n for some constant unitary matrix U = [£3 cjj 



$+ - $_[/ G M„ 



6»i6» 3 rf 




X 0i 6 




Cl 


C2 




"Cl 


6" 


8 6 2 c 




o a b a _ 




. C 3 


C 4 _ 









are coprime, 

follows f< 
We observe 

& G C) 



'ci6 Q + c 3 6ib = -£1 
c 4 b a + c 2 8 a = — £4 
01 #3<2 = c 2 6 Q + c 4 0i6 + £ 2 
K O 02C = c 3 & Q + adoa + £3 

Ci = 0, 6 J) = a constant 
C4 = 0, 0o a = a constant 
(p+ = 6163d = C2& a + a constant 
■0+ = 0q0 2 c = C36 a + a constant . 

Since U is unitary we have C2 = e 1 " 1 and C3 = e ZUJ2 (uii,u)2 G [0, 27r)). Thus we have 

<^ = e lWl 6 Q + /3i and ^ = e^ 2 b a +p 2 (01,02 G C). 
But since |<^| = |^|, it follows that 

p = e*"6 a + C and ^ = e iS cp (uj, 8 G [0, 2tt), £ G C)). 

Case B (?7i = n = 1): We split the proof into two subcases. 

Case B-l (m = n = 1; (a&)(a) 7^ (0 o 1 )(a)): In this case, by Lemma ELTT d'). we can write 



(50) 



$_ = 



"0 O a 


* 


'6 Q O " 


b 8[ 




Mi 



-B*f22 (left coprime factorization). 



Observe 



r> 2 = 



~b a 6' " 




b a 0" 




X 0" 


b a 6[ 




6 Q 




0i 



Since 6' (a) 7^ and 0i(a) 7^ 0, it follows from Lemma l3~6l that 



b a 
b a 



and 



O 

0; 



are coprime, 



so that by Corollary [321 T$ should be normal. By the same argument as in ([50j) . we can see that 



1 and d' n 



and we can write 

Since T$ is normal we have 



and $!_ = 



6 a a b a 

bb a b a 











(1 + |6| 2 )iJ| J? Sq 
(a + 6)flJ H- ba 



(a,b £ C; a 7^ 0, & 7^ 0). 



(a + &)ffi? tf s 



(l + |a| 2 )ffi H- b 



which implies that 



' b = —a 

H^H— = (l + \b\ 2 )HlH- bo 
2^ 



(51) 



[H^H^=(l + \amiH- K . 
Since afr 7^ (9' 6' 1 )(a), we have 1 7^ \ab\ = \a\ 2 , i.e., |a| 7^ 1. We thus have 

<p+ = e l0 i ^T+W b a + Px and V+ = e 102 ^1 + l«l 2 b a + h , 
(ft.fteC; 0i,02 G [0,271-)) which implies that 

(f = ab a + e 101 y/l + \a\ 2 b a + pi and V = -ab a + e 102 ^! + \a\ 2 b a + fa. 
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Since \(p\ = a straightforward calculation shows that 

<p = nb a + e ie ^l + \fi\ 2 b a + ( and V = e'**" 2 
where fi ^ 0, ^ 1, C € C, and € [0, 2tt). 



(52) 



Case B-2 (m = n = 1; (o6)(a) = (0 o 0i)(a)): In this case, 0^(a) ^ for each i = 0,1. By a 
scalar- valued version of Lemma 13.11 and (1361) , we can see that 

ip+ = 9\9 3 d and ■0+ = 0o02C for some inner functions 02,03, 

where c? € 7^ Z 0i0 3 and c € HzB e 2 - Thus in particular, c(a) 7^ and d(a) 0. Let 

2 = 6*0 2 and 3 =i£0 3 (0' 2 (a) ? 0, 3 (a) ? 0). 

To get the left coprime factorization of applying Lemma T4.1f d) for $_ gives 

6 Q o a 



where 



Then we get 



(right coprime factorization), 
6(a) 0i(a), 



7^0 



-70! 



(7 



o a & Q 



o (a) a(a) 1 
B*Q,2 (left coprime factorization) . 



We now claim that 



(53) 

p = q. (54) 

We first assume that p < q. Then 02(a) = 0. Thus by (|4T|) . we have fci(a) = /23(a) = 0. Write 
s := q — p > 1. In this case we can write 



0i0 3 d 
9 o 2 c 

where := bl +1 8[6' 3 6' 6 2 . Observe that 

Ql Ql 



0i0^c 



b s Md 







= (0I 2 )A* 



Since s > 1, we have 



v 











0o -70i 
7 o 0i 



- 7 M 3 c 3 c 



(55) 







Since (0 3 c)(a) ^ 0, it follows from (gTJ that 

eel ranff^s Cker(J-T^Ti) 



Thus we have 








fci 












[% 


fc3 




fci(a)5i 
fc 3 (a)(5i_ 






"0" 



(since 


fci(a) = 



which leads to a contradiction. If instead p < q then the same argument leads to a contradiction. 
This proves (j54|) . 

Now since p = q, i.e., s = 0, it follows again from ([55t and (f2Tj) that 

^ Gclran^Anj C ker (I- T«T* R ) (/3 ^ 0). (56) 
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We thus have 



St 



T z T z 

k\ k 3 

Tz Tr 

K2 K4 



ki k2 

. k 3 ki 





'Si' 







Tz 
fci 



T z 

&4 



(fa(a) + pk 2 (a))S 1 
(k 3 (a) + /3k 4 (a))Si 



(57) 



fa (fa (a) + Pk 2 (a)) + k 3 (k 3 (a) + fik 4 (a))jS 
fa (fa (a) + /3k 2 (a)) + k 4 (k 3 (a) + /3k 4 (a)) J 5 



which can be written as 



aifa + a 2 k 3 = 1 and a\k 2 + a 2 k 4 = (3 , 



where a\ — fa (a) + (3k 2 (a) and a 2 — k 3 (a) + (3k 4 (a). From (1561) we also have 



'61 



T 



K 



S\ _ (fa (a) + pfa(a))Si _ a\5i 
Ph\ 2 [(k 3 (a) + 0ki(a))Si\ 2 {a^St 

which implies 

_l + |/3| 2 = K^ + |a 2 | 2 . 
Recall that tp_ = b a 9' Q a, ip_ — b a 9[b, f+ — b a 9[9 3 d, and tp + — b a 9' Q 9 2 c. Thus from (pTTj) . we can 
see that 

fa = 6 2 k'x, k 2 = 9[9 3 k 2 , k 3 = 9' 9 2 k' 3 , k 4 = 9 3 k' 4l 
where fa £ H°° for i = 1, • • • ,4. We claim that 



(58) 

(59) 
(60) 



indeed, by 



and (I6T1) . 

aifa 



a 2 k 3 



9 2 and 9 3 are both constant: 



ai9 2 k[ +a 2 9' 9 2 k' 3 = 1 



(61) 
(62) 



9 2 ( ai k[ +a 2 9' k' 3 ) = 1 

T 2 = aik[ + a 2 9' k' 3 £ H°° n ~H° 
9 2 is constant 



and 



aifa + a 2 k 4 = (3 



ai9' 1 9 3 k' 2 + a 2 9 3 k' 4 = f3 

9 3 (ai9' 1 k' 2 + a 2 k 4 ) = 
^ 1 







(a^k's + a 2 k' 4 ) £ H°° n H°° = C (since (3^0) 



=£> 9 3 is constant , 
which proves (|62|) . Without loss of generality, we may assume that 

9 2 = 9 3 = 1. (63) 

We next claim that 

9q = 9\ = b a , i.e., 9' and 9[ are both constant. (64) 

If ip and if) are rational functions having the same number of poles (this hypothesis has not been 
used until now) then we can see that 

if 9' Q or 9[ is constant then both 9' and 9[ are constant: (65) 

indeed, since f- — 9$a and tp- = 9\b are rational functions, it follows that #0 and 9\ are fi- 
nite Blaschke products, and hence by assumption, deg (9q) — jj (poles of TpZ) = jj (poles of ipZ) = 
deg (6*i ), giving <j65j). 

Toward (|B~4")) . and in view of (|65l) . we assume to the contrary that both 9' and 9[ are not 
constant. Since 9' and 9[ are non-constant finite Blaschke products, there exist v, w £ D such that 
9' (v) = = But since A; 3 = 9' k' 3 and fc 2 = 0ifc 2 , it follows from J55J| that 



fa(v) 



1 

ai 



and fc4(w) 



£ 

Q 2 



(66) 



22 



(where we note that cti 7^ and a 2 7^ 0). Observe that |fci(v)l = 1 = |fc4(w)|: indeed, if |fci(w)| < 1, 
then |ai| > 1, so that by (|60|) . |ct2 1 < which implies |/c4(u;)| > 1, which contradicts the fact 
1 1 K I |oo < 1 and if instead |/c4(w)| < 1, then similarly we get a contradiction. Since ||fci||oo < 1 and 
Halloo < 1, it follows from the Maximum Modulus Theorem that k\ and k^ are both constant, 
i.e., 

ki = — and k^ = — . (67) 
ai a 2 

Then from (f5"5|). we should have k 2 — k 3 = 0, which leads to a contradiction, using PIT) . 



In view of (1531) and (1641). we can now write 



b a b a b 
b a a b a 



= B*fi 2 (left coprime factorization), 



where 



fl 2 := v 

Also, in view of (|M]) and (|M|) . we can write 



7 1 



" M 




'0 c" 


* 


K 0" 


6 a c 




d 




6 Q 



= A*n n 2 = a 



1 jb a 

-7 ^ 



"7^a 
1 



where flo := is 



lb a 



and n £l 2 = Kh- Then by (j2T)j) . 
floH^2 C ker [T$, T$] , so that ran [T$, Tb] C "Hn 



(68) 



Since dimHn a = 1, it follows that ran [T|,T$] = Hn or ran [T|,T$] = {0}, i.e., T$ is normal. If 
T$ is normal then the same argument as (|52[) shows that 

(p = Mfoa+e ,: V 1 + lMl 2& « + C and V = e* ^ arg ^</3, 

where = 1, (eC, and 6> e [0, 2tt). 

Suppose ran [T|,T$] = Hn . We now recall a well-known result of B. Morrel ([Mot]; |Con[ 
p. 162]). If T £ B(H) satisfies the following properties: (i) T is hyponormal; (ii) [T*,T] is rank-one; 
and (hi) ker [T*, T] is invariant for T, then T— /3 is quasinormal for some /3 £ C, i.e., T—f3 commutes 
with (T — f3)* (T — f3) . Since X$ satisfies the above three properties, we can conclude that T$_/j is 
quasinormal for some ft £ C. Thus, T| a, T$_,g] = 0. But since [T|_^,r$_,g] = [TJ,T$], 

it follows that 



T(3>*-r)[T<s>,T<i>] — 0. 



Observe that 



so that 



which implies that 



-(**-/3) 

1 7^o 
-7 b a 



(69) 



7 5 




' 1 7" 




"0" 


<5 




-7 1. 




5 



1 7 
-7 1 



1 

b a 



1 — a.z 



£ ran [T|,T$]. 



On the other hand, since a, b,c,d £ 'H. z b a ■, if we choose {1, 6 Q } as a (not necessarily orthogonal) 
basis for H z b a , then ab a and 5& Q are of the form £i6 Q + £2 (£1, £2 € C) and c6 Q and c£6 a are of the 
form 771 6 Q + 772 (771, 772 G C). Thus we may assume that T,| is of the form 



- dTx 



bT, 



c 



(a, 6, c, d, cq, do £ C) 
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Then by (|69| we have 

Tb a bT h „ + cT-, 

aT ba + dX^ + d 

Now recall the case assumption, which gives 7 = — b = — i; it follows that 



/ -I- c-t^ -t- c 
r 6 / 





7(5 




w 








JS _ 



"7/3 




(7 + 6) & a + CO 




Co 


.0. 




(1 + ar/)b a + jd _ 




_7"d _ 



(70) 



which implies that 

, 1 -2 
d = 3 = =oC = a co- 

7 7 

On the other hand, a straightforward calculation shows that 

[T|,Ti]= M 



where 
A := 



(|c| 2 + I c 1 2 ) - (1 + \a\ 2 + |d | 2 )) + (foc + c c - dd - d a)T 6a 
6c + ccq" - ddo" - d a] + (be - ~a~d) T b 2 + (be - ad] T# + (1 + |6| 2 - \d\ 2 )T ba Tj 



(71) 



(72) 



But since rank A < 1, we have 

{be = ad 
bco + cciJ — ddo — doa = 0. 

Since ab = 1 (and hence, c — a 2 d) and do = a 2 co, we have ceo — ddo = a 2 dco — da 2 co — 0. Thus 
by C2D, 

6co = ado = aa 2 co- (73) 
If Co 7^ 0, then by (|73|) . - = aa 2 , i.e., |a| = 1, and in turn |co| = |do|. Also since ab = 1, we can 
write 

a = e w and b = e^ 16 for some 9 G [0, 2tt). 
Since |c | = |d | and by ([Til . 

|c| 2 + |c | 2 - (1 + M 2 + |d | 2 ) + (1 + |6| 2 - |d| 2 ) = 0, 
it follows that |c| = |d|. Moreover, a straightforward calculation shows that 

"|d| 2 -2 -2e l9 



K (where K := 1 - 



-2e~ w |d| 2 -2 

Since rank [T|, T$] = 1, it follows that (|d| 2 - 2) 2 - 4 = 0, i.e., |d| = 2. Thus we can write 

a = e lf) , b = e- 2l9 a, d = 2e iul , c = e" 2ie d (since be = ad) . 
Also since Co = a 2 do = e~ 2l0 do, it follows that 

[ if = ab a + db a + do" = e w b Q + 2e w b a + do" 



ip — bb a + cb a + cq = e 



-2i9 



ip. 



(74) 



In particular, since (3 = jdo = — ^do = —e do, it follows that T$ — (3 — X$+e~ l9 do is quasinormal. 

If Co = then by (|70p . /3 = 0, and hence do = 0. In particular, T$ is quasinormal. A 
straightforward calculation shows that 

A -(a + b)K 

_-(b + a)K B 

where 



[A := |c| 2 - 1 - |a| 2 + {be - ad)T^ + (be - ad) T b 2 + (1 + |fe| 2 - |d| 2 )T bQ T Eo 
B := |d| 2 - 1 - |6| 2 + (ad-bc)T-^ + (ad - be) T b 2 + (1 + |a| 2 - |c| 2 )T &Q 7^ 
Ko :=l-T ba T- b . 
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Since rank [T|, T$] = 1, we have 



be = ad 

|c|2-l_|o| a = |d| a -|6| 3 -l. 



We thus have 

P*,T»] = 

Thus 

= T£[T|,T«] 



|c| 2 -l-|a| 2 -(a + b) 
-(b + a) | c |2_i_| a |2 



K (where K := l-T^Tg ). 



aT ba + dT- b T K 



-l-\a\ 2 -{a + b) 
-(b + a) |c| 2 -l-H 2 



(\c\ 2 -l-\a\ 2 )-b(b + a) T ba K 



(-a(a + fc) + (|c| 2 



l-\a\ 2 ))T ba K Q 



which implies 



|| c |2_ 1 _| a |2_| a |2_ 1 = (]j 

giving |a| = |6| = 1 and in turn |c| = \d\ = 2. As in (|74p . we may thus write 

i $ = e - 2l9 ip. 

This completes the proof. 



□ 



We can say more about the solution of the case (|3Tj) . 

Corollary 4.4. Using the terminology in case (pTTj) , assume that either ip or ?/> is a rational function 
having at least two poles. Then both of p and ?/> are rational. Moreover, in this case, either ip or 
ip has exactly one pole, say a. 

Proof. Suppose either ip or ip is a rational function having at least two poles. Thus either 9' 
or 9[ is a nonconstant finite Blaschke product. Without loss of generality we assume that 9' Q is 
a nonconstant finite Blaschke product. If 9[ has a nonconstant Blaschke factor then the same 
argument as in (|66|) leads to a contradiction. Therefore, for the first assertion, we assume to the 
contrary that 9^ is a nonconstant singular inner function. Since 9' is a nonconstant finite Blaschke 
product, 

3 w G B such that ^(w) = 0, so that by (|6T]), M^) = °- 
Thus by ([55)1 . fci(w) = — . But since |fci(w;)| < 1 (if it were not so, then fc x would be constant, so 
that &3 = 0, a contradiction from (|4"Tjl ). it follows that 1 < |ai|. Thus by 

|a 2 | < (75) 

On the other hand, since 9[ is a nonconstant singular inner function, we can see that there exists 
5 e [0, 2vr) such that 9[ has nontangential limit at e iS (cf. [Gal Theorem II.6.2]). Thus by ([6l]). 
/c2 has nontangential limit at e 1 * 5 and in turn, by ([55]) , /C4 has nontangential limit — at e 15 . But 



< 1. it follows that 



< 1, i.e., < |o;2 1 , which contradicts (f75j) . This proves the 

first assertion. The second assertion follows at once from the same argument as in (I66|) : in other 
words, either 9' or 9[ is constant, i.e., 9q — b a or 9\ — b a . This complete the proof. □ 

Remark 4.5. Due to a technical problem, we omitted a detailed proof for the case B-2 from the 
proof of [CHL1) Theorem 5.1]. The proof of the case B-2 (with a = 0) in the proof of Theorem 
14.21 provides the portion of the proof that did not appear in |CHL1| . In particular, Theorem 14.21 
incorporates an extension of a corrected version of |CHL11 Theorem 5.1], in which the exceptional 
case (pri) was omitted. 
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